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ELLIPSES IN WOODWORKING
Donald L Snyder

I’ll begin with an Introduction in which there are displayed some ellipses, an oval and some wooden ob-
jects having ellipses as an important design element. Then, in Section 2, the mathematical description of
ellipses is given and some of their properties developed. Sections 3 and 4 describe some ways to draw or
layout ellipses and some ways to cut out elliptical parts for woodworking (and other) projects. Section 5

is about cove moldings that have segments of ellipses in their design. Section 6 contains reference cita-
tions.

1 INTRODUCTION

An ellipse is a ‘flattened circle’ that is symmetric either side of two lines, one line along the centers of its
wide side and the other along the centers of its narrow side. Some ellipses are displayed in Fig. 1.

Figure 1. ellipses

Acircle is an ellipse with long and short sides of equal length. An oval is a distorted ellipse that is ‘egg
shaped,’ as in Fig. 2. Itis symmetric either side of one line along the centers of its wide side.

Figure 2. oval

Ellipses or partial ellipses are present in many woodworking projects. Shown in Fig. 3 are several exam-
ples.



D. Snyder Last Revision: 14 July 2020

(@) (b) (€)

) ' ' (m)

Figure 3. Examples of ellipses and ovals in woodworking. (a) elliptical foot stool, (b) oval cutting board, (c) elliptical
cutting board, (d) elliptical table-top, (e) Shaker box, (f) elliptical mirror, (g) elliptical window frame, (h) trim molding,
(i) framing for an elliptical ceiling feature, (j) elliptical archway, (k) demilune table, () elliptical serving tray, (m)
bracelet of elliptical parts.

The mathematical definition and some properties of ellipses are discussed next. Then some practical
aspects of ellipses are reviewed; this includes laying out or drawing ellipses on materials for cutting or
other purposes and some methods for performing the cutting.
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2 DEFINITION AND PROPERTIES OF ELLIPSES

A standard ellipse is a closed curve in a plane, as shown in Figure 1. It has major (-M,M) and minor (-m,m)
axes aligned with the axes of a Cartesian coordinate system, with its center, C, located at the origin

cllipse m

-m

Figure 1. Astandard ellipse

C =(0,0) of the coordinate system and its long and short axes aligned with the x-axis and y-axis, respec-
tively, of the coordinate system.! The equation for points P(x,y) that lie on the elliptical curve is

2 2

X
7 ! .

where M and m are parameters that determine the size of the major and minor axes. If M and m are
equal, say tor, then the ellipse is a circle of radius r. If M >m , the major axis of the ellipse lies along the
x axis of the coordinate system, as shown in Figure 1. An alternative way to represent points P(x,y)

that lie on the ellipse is in terms of an angular parameter j, with 0£ j £360°. In this representation,
(x,y)=(M cosj,msinj). 2)

Apoint P(x,y)=P(M cosj,msin_j) lies on the ellipse because

! The coordinate system used here is a “right-handed” system with positive angles measured counterclockwise from
the positive x-axis.
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As j varies from 0° to 360°, the point P moves from (x,y) =(M,0) counterclockwise around the ellipse
and back to the starting point. Note that this angle j is not the same as the angle g in Fig. 1, and

P(M cosJ, msinj) is not the same as the point P in Fig. 1 ; a polar representation of points on the
ellipse is given below in terms of the polar distance and angle (r,q) inFig. 1. The center C of the standard
ellipse lies at the origin (0,0) of the coordinate system. The points (0,—f) and (0,+f), with f =yM? -m?,

are called the focal points of the ellipse. The distance d; from the focal point at (0,—f ) to a point
P (M cos j,msin_j) on the ellipse is

d, (J)

\/(f +M cosj)2 +(msinj)2

\/Mz—m2+2Mf cosj+Mzcoszj+m2(1-COSZJ-) (3)

JM? +2Mf cosj + f2 cos? j
M + f cosy.

Similarly, the distance d, (j) from the focal point at (0,+f) to P (M cos j,msinj) is M - f cosj . This

yields the important property that for any point on the ellipse, the sum of the distances from the two foci
to that point is a constant equal to the length, 2M , of the major axis,

d, (4)+d, (J)=2M. @

The eccentricity of an ellipse, e, is defined by

m? _ f
VR VT 2

The eccentricity has a value between O and 1, 0 < e < 1. An ellipse having an eccentricity e = 0 is a circle.
As illustrated in Figure 2, the ellipse departs more and more from a circle as e increases, becoming simply
alinewhene=1.

e={.00

Figure 2. lllustration of the effect of eccentricity on the shape of an ellipse

4
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The distance from the ellipse center, at (0,0), to a point on the ellipse, r =r(gq) in Fig. 1, can be ex-
pressed in terms of the eccentricity and polar angle g as follows. The location (x, y) of a point P (X, y)
on the ellipse is given in terms of the point’s polar coordinates (r,q) by (rcosg,rsing). Equation (1)
becomes
r’cos’q  r’sin’q
M? ¥ m

1. (6)

Solving for r as a function of g and doing some manipulations yields
m

rg)=———. (7)
) 1-(ecosq)’

So, as g varies from 0° to 360°, a point at (r (q) ,q) traces the ellipse.

The equation for an ellipse that is not centered at the origin (0,0) but, rather, shifted so its center
isat (X,,Y,) is

2 2
X = X y-y
| MJ’) ! m2°) =1 ®

2m —--

Figure 3. ellipse shifted

The equation for an ellipse that is shifted to the point (x0 , yo) and rotated by an angle y is

[(x - %,)cosy + (y - yo)sinyT* | [-(x-X)siny +(y - yo)cosy]” _, 9
M2 m? '
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Figure 4. ellipse shifter and rotated

3 LAYING OUT AND DRAWING ELLIPSES

There are a variety of ways to draw or layout ellipses. Following are descriptions of three methods.

a. pin and string method
Assume that a coordinate system with x and y axes is given and that the sizes of the minor and major

axes, 2m and 2M are known. The two focal points are located

at +f =+JM? - m?* along the major axis. Place a pin at each of \:}
the focal points, with each pin holding an end of an inextensible

string of length 2M . The tip of a pencil is used to pull the string
taut and make a mark. As the pencil is moved while keeping the
string taut, an ellipse is drawn because of the property ex-
pressed in (4).

Figure 5. pin and string method for draw-
ing an ellipse
b. trammel method
A trammels is used while drawing or laying-out an ellipse to enforce constraints dependent on the sizes
of its major and minor axes, 2M and 2m . Trammels can be made in various ways. Two are shown in Fig.
6. The trammel in Fig. 6(a) is made by drilling three small, properly placed holes in piece of wood or other
material, with the holes spaced according to the size of the desired ellipse. An alternative is to use a strip
of paper with properly spaced tick marks along an edge. The trammel in Fig. 6(b) is made using trammel
points attached to a ruler, with the spacing between points set according to the size of the desired el-
lipse. Draw orthogonal x and y axes, and place the trammel at any angle j while constraining the

6
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center of hole-3 to be on the x-axis and the center of hole-2 on the y -axis, as in Fig. 7. The center of
hole-3 then lies on the ellipse because the coordinates of its center are (x,y)=(mcosj, M sinj),
which s (2).

(b)

Figure 6. (a) trammel made with three small holes, (b) trammel made using trammel points

3: a pin that
moves along the
left edge of the
guide block

2: a pin that'~<
moves along the
bottom edge of
the guide block

~
~

1: a pencil that
draws the ellipse
aspins2and 3
move along the
edges of the
guide block

Figure 7. drawing an ellipse using a trammel

A continuous elliptical-curve can be drawn using the pin and pencil method. It is interesting that a con-
tinuous elliptical-curve can be accomplished using the trammel method as well. One approach is to place
pinsin holes 2 and 3 that extend a short distance beneath the bottom surface of the trammel and a pencil

7
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in hole 1, as in Fig. 7. The pins are moved smoothly along the edges of a guide block that is aligned with
the x and y axes of one quadrant of the coordinate system and offset so that the centers of the pins

track along the two axes. This permits one quadrant of the ellipse to be drawn. The other three quadrants
can be drawn by placing the guide in those quadrants and repeating the drawing for each quadrant of the
ellipse. An alternative that permits continuous drawing of all four quadrants of the ellipse is to construct
a guide block with crossing channels, as in Fig. 8, with channels having a width slightly larger than the
trammel pins so the pins can move freely along straight lines without binding. This trammel configura-

Figure 8. four quadrant trammel-guide

tion for drawing ellipses has been known since the 1600s and is often called the “trammel of Archime-
des” [9, 10]. Two ellipse trammels are shown in Fig. 9.

(b)

Figure 9. Ellipse trammels: (a) trammel made by Keuffel and Esser, c. 1930, in the National Museum of American
History of the Smithsonian Institution, (b) router guide for cutting ellipses by Rockler Woodworking and Hardware
Co.

C. point-by-point methods
It may sometimes be desired to locate discrete points or locations on an ellipse without laying out the
ellipse as a continuous curve. This can be accomplished by establishing orthogonal x and y coordinates

and then placing marks at desired, predetermined locations (xn A ) on the ellipse for as many locations,

n=120L,N,asdesired. Woodworkers are familiar with the use of “story sticks” to record key dimen-
sions in a project and to reuse those sticks when the project is pursued again [15-19]. A story stick is just
a piece of wood, paper or other material that has multiple marks on it for recording in full scale size a
visual record of important dimensions; the marks can be in the form of scribe lines, holes or other indica-
tors. Here is an example. Suppose points are desired on an ellipse having given major and minor axes of
sizes M and m aligned on x and y coordinates as in Fig. 1. On a stick somewhat longer than 2m mark

8



D. Snyder Last Revision: 14 July 2020

three locations, one at the center and the other two at a distance m either side of the center. Assume
that N desired locations on the ellipse are to be at the precomputed coordinates (xn : yn) for
n=12L,N. The distances from the minor-axis terminus at y =+m to each of these coordinates are

distanceg(o,m)®(xn,yn)g=,/xn2 +(y, —m)z, n=12L,N .

Mark each of these N distances from a reference mark on a second stick. Similarly, the distances from
the minor axis terminus at y =-m to each coordinate are

distanceg(o,—m)®(xn,yn)[@]:,/xn2 +(y, + m)z, n=120L,N.

Mark a third stick with these distances. The three sticks can now be placed to locate the n-th point on
the ellipse as in Fig. 10, this being accomplished, requiring only that the x and y axes be laid out but not

the full, continuous ellipse.

Example Table 1 displays the x and y coordinates for 15 points on an ellipse having major and minor

axesof dimensions M =5 and m =3.12, respectively. Itis unnecessary for purposes of this note to know
a motivation for these points, but they are special in the design of an analemmatic sundial designed for
St. Louis, MO, as developed in [20-22].  Shown in Fig. 10 are three story sticks in position

Table 1. 15 points (labeled by hour) on an ellipse with M =5and m=3.12

distance to distance to

(0!'m) (0!+m)
5 —4.83 -081 535 6.22
6 -5.00 0.00 5.89 5.89
7 —4.83 +0.81 6.22 5.35
8 —4.33 +1.56 6.38 4.60
9 —-3.54 +2.21 6.39 3.65
10 —-2.50 +2.70 6.34 253
11 -1.29 +3.01 6.27 1.30
12 0.00 +3.12 6.24 0.00
13 +1.29 +3.01 6.27 1.30
14 +2.50 +2.70 6.34 253
15 +3.54 +2.21 6.39 3.65
16 +4.33 +1.56 6.38 4.60
17 +4.83 +0.81 6.22 5.35
18 +5.00 0.00 5.89 5.89
19 +4.83 -0.81 535 6.22

for marking the point on the ellipse labeled hour 16. A picture of this story-stick method for laying out
points on an ellipse is shown in Fig. 11 for an analemmatic sundial being constructed by Brain Albinson
[23-25].
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M=5m=3.12

Figure 10. Story sticks arranged to mark the point labeled hour 16 on the ellipse
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Figure 11. Slide from a presentation by Roger Bailey [23]
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4 COVES

Figure 12. Model of a table saw

A model of a table-saw surface and saw blade is in Fig. 12. When looking at the blade from a direction
that is perpendicular to its surface, the tips of the cutters on the blade lie on a circle, but from oblique
angles the tips appear to lie on an ellipse. A board passing over the saw blade at an oblique angle results
in the upper segment of that ellipse being cut into the board’s surface, as in Fig. 13(a). Tilting the sawblade
results in a cove that is the upper segment of a rotated ellipse, as in Fig. 13(b).

(b)

Figure 13. Cutting coves having elliptical profiles:
(a) from Woodgears, An Engineer’s Approach to Woodwaorking [29]; (b) from Woodgears [30]

Once the blade diameter, d , is selected, there are three adjustments to be made when setting up the
tablesaw to cut a cove: the height, h, of the blade above the surface of the tablesaw; the tilt angle, , of
the saw blade; and the angle, g, between the workpiece and the plane of blade’s surface. The cove has
two parameters: the width, w, of the cove; and the offset, o, of the peak of the cove from the surface of
the tilted blade. These interdependent parameters are indicated in Fig. 14. There are on-line calculators
for determining the setup parameters [31-34]. Refs. [31, 34] require d, h, w and o as user-input pa-
rameters, and then compute Fand g . Refs. [32,33] assume no offset (0 =0) and require as user-input
parameters d , w and h, and then computes q .

11
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Figure 14. Cove parameters: h, w and o; blade parameters: d , £ and g

In a three-dimensional space with cartesian coordinates x, y and z, the sawblade is circumscribed by a
circleinthe y, z - plane with radius r =0.5d ,

L2 L2
EYO 820 _q (10)
§rp &g
If the sawblade is not tilted but is perpendicular to the tablesaw’s surface (i.e., in Fig. 14, £=90°and

0 =0), the ellipse circumscribing the sawblade is this circle parallel projected in the direction g onto a
plane with orthogonal coordinates (y',z)=(ysing, z) of the workpiece; the equation for this ellipse is

2 2
By 0,220 4 1
grsian §rg ()

A sawblade raised above the tablesaw’s surface by a height h, produces a cove having a depth h and a
width w that depend on g . This relationship is obtained by setting y'=0.5w and

z=r-h=0.5(d - 2h) in (11), yielding

.2
'Y +0.25(d-2h) =r>=0.25d°

0.25——
gmnqg
which reduces to

12
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w=2,/h(d - h)sing. (12)

This provides a constraining relationship between the parameters w, h, d and g of Fig. 14. Specifying
any three of these parameters then permits the fourth one to be calculated for cutting coves with zero

offset (0=0).

Example. Suppose a cove having no offset (0 = O) ,adepth h=0.5 and awidth w=1.0 inches is desired

and that at sawblade having a diameter of d =10 inches is to be used. Then from (12) the angle that the
workpiece should make with the plane of the sawblade is

3 W 0
g =asing¢ *=asin(0.229) =13.26°.

gZJh(d —h)g

Two issues remain. One is setup angles when the desired offset is not zero, yielding an asymmetric cove;
see the calculators in Refs. [31-34]. The second is safety; cutting coves on a tablesaw can be hazardous,
so adopting safe methods for doing the work is important; see Refs. [27-34] for some discussions about
thisissue. One aid to safely cutting coves is to use homemade or commercial “parallelogram” jig to guide
the workpiece across the sawblade, such as the commercial one shown in Fig. 15.

Figure 15. Cove-cutting jig available from Rockler Woodworking and Hardware Co.

13
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5 ELLIPSES OF ANOTHER KIND

ellipsis [I'lip sis] (noun) g ellipses (plural noun)

Def. the omission of words from a sentence or other
construction that would complete the construction but
are unnecessary for understanding because of contex-
tural clues. Amark as ¢ ¢ ¢ to indicate an omission of
letters or words.

More about the mathematics and construction of ellipses can be found in books, magazines and the In-
ternet, some of which will be helpful to woodworkers. The notes above cover some important aspects,
but if the reader is interested to explore more g g g .
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